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SOME APPROXIMATION RESULTS ON HIGHER ORDER 
GENERALIZATION OF BERNSTEIN TYPE OPERATORS 
DEFINED BY (p,q)~ INTEGERS 


M. MURSALEEN AND MD. NASIRUZZAMAN 

Abstract. In this paper, we introduce the higher order generalization of 
Bernstein type operators defined by (p, q)- integers. We establish some approx¬ 
imation results for these new operators by using the modulus of continuity. 


1. Introduction and preliminaries 

In 1912, S.N Bernstein [ ] introduced the following sequence of operators B n : 
C[ 0,1] —> C[0,1] defined for any n G N and for any / G C[0,1] such as 


B n(f; x ) = (^jx k (l-x) n (^) ’ x G M- ( L1 ) 

In approximation theory, g-type generalization of Bernstein polynomials was in¬ 
troduced by Lupa§ [5]. 

For / G C\ 0,1], the generalized Bernstein polynomial based on the q -integers 
is defined by Phillips [10] as follows 


B n , q (f ; x) = 

k =0 


n 

k 


n—k—l 

x k n 4 - q sx ) f 

9 s=0 



x G [0,1]. 


( 1 . 2 ) 


Recently, Mursaleen et al. [ ] applied (p, g)-calculus in approximation theory 
and introduced first (p, g)-analogue of Bernstein operators(Revised) and defined 
as: 


B n,p,q(f j x) 


1 

n(n — 1) 

P 2 


X/ 


k =0 



Pn,t (p>9;di o < q < p < l, i e [0,1] 

(1.3) 


where 


Pn,k(p,q',x) = p 


fc(fc-l) 

2 


n 

k 


n—k—l 

cc k ( p s — q s x ). 

s=0 


(1.4) 


They have also introduced and studied approximation properties based on (p, q)- 
integers given as: Bernstein-Stancu operators [ 8 ] and Bernstein-Shurer operators 
[9], 
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We recall some basic properties of (p, g)-integers. 

The (p, g)-integer [n] Ptq is defined by 

[ n )p,q = -, n = 0 , 1 , 2 , • • • , 0 < q < p < 1 . 

p — q 

The (p, g)-Binornial expansion is 


(x + y)p t g ■■= (X + y){px + qy){p 2 x + q 2 y ) • • • (p n 1 x + q n 1 y) 
and the (p, g)-binomial coefficients are defined by 


p, q ^]p,g- 

For p = 1, all the notions of (p, g)-calculus are reduced to g-calculus. For details 
on g-calculus and (p, g)-calculus, one can refer [11, 12, 1, 3] and [5], respectively. 
In this paper we use the notation [n] in place of [n] Ptq . 



In [3], (p,q)~ derivative of a function f(x) is defined by 


D P , q f{x ) 


fipx ) ~ f(qx) 

(p — q)x 


x 7 ^ 0 , 


(1.5) 


and the formulae for the (p, g)-derivative for the product of two functions is given 
as 


D pM9)(x) = f(px).D Ptq g(x ) + {D Piq f(x)}.g(qx), 


( 1 . 6 ) 


also 


D P,g(f9)(x) = f(qx).D p>q g(x ) + {D p>q f(x)}.g{px). 


(1.7) 


Let r e N U {0} be a fixed number. For / e C r [ 0,1] and m e N, we define 
an operator of r th order for (p, q)- Bernstein type operators as follows: 


b >1 L(/; *) = 


n(n — 1) 


P~ 




(*) 


k =0 


i =0 


[k] 


p k n [n] 


x 


[k] 


p k ~ n [n] 


( 1 . 8 ) 


In this paper, using the moment estimates from [ 6 ], we give the estimates of 
the central moments for operators defined by (1.3). We also study some approxi¬ 
mation properties of an r th order generalization of the operators defined by ( 1 . 8 ) 
using the techniques of the work on the higher order generalization of g-analogue 
[ ]. Further, we study approximation properties and prove Voronovskaja type 

theorem for these operators. 

If we put p — 1, then we get the moments for g-Bernstcin operators [ ] and 
the usual generalization higher order g-Bernstein operators [13], respectively. 











HIGHER ORDER GENERALIZATION OF BERNSTEIN TYPE OPERATORS DEFINED BY (p, g)-INTEGER.S 


2. Main results 
The following result, is (p, g)-ana,logue of [1], 
Proposition 2.1. For n > 1, 0 < g < p < 1 


D r ,,0+x)l,= \n}(\ + qxr r -\ ( 2 , 1 ) 

Proof. By applying simple calculation on (p, g)-analogue, we have 

(1 + px);., = P"-\ 1 + px)(l + qx);-\ (1 + qx);„ = (p"- 1 + q”x)( 1 + qx)^, 1 . 

( 2 . 2 ) 

Applying (p, g)-derivative and result (2.2) we get the desired result. □ 

Lemma 2.2. Let B ntPtq (f]x) be given by (1.3). Then for any m G N, x E [0,1] 
and 0 < q < p < 1 we have 


sy, ( 1 f-yi \ 

B ((t - x) m+1 -x) = - _—_— 

J ->n,p,q\y>' x )p,q > x ) r 1 


Dp t q N B n p q 


p m + n 1 \rn\x(l — x) 


B 


n 


n,p,q 


(+ _ fL\ m . fL 

P p 


l.W 

)v,q ’ 

P p 


+ M (C*-«)-;«) . 


n 


Proof. First of all by using (1.6) and Lemma 2.1, we have 

d m (-sfar ELo (t ~ ?)” T,t(p, 9 ; p) 

it (* - 9 ; hi - ^ it (* - 


n(n— 1) 

p 2 


, fc =0 


p 


P 


k =0 


(/X 

p 


m —1 


P ,9 


PuApiF-) 

p 

(2.3) 


Now in the same way by using (1.6) and Lemma 2.1, we have 


D r .J PnM (p. 9; §) } = 


k(k-l) 
= P 2 


n 

& 


-x 


fc-i 


J p,<j 


p K 


1 _ ^ 
p 


n 

k 

n—k 

P,Q 




k / \ k 

x \ ( 2 _ x 

P 


[n — k ] 


n 

k 


1 k 

/ \ n—k— l\ 

) 

-X 

J p,qP 

V P Jp,q J 


(2,4) 


Now by a simple calculation, we have 


) n—k 

= ^zp(p - dx) n pfi k+l -\ 

p n k p n (1 — x) 


n—k 


l-x) M 


1 _ ^ 
p 


n—k—l 


P,Q 


\n—k 


p 


.n—k—1 


{l-x) 


(1 - x)’ m . 


(2.5) 

( 2 . 6 ) 
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From (2.4),(2.5) and (2.6), we get 


Bp t q ^ Pn,k 

which implies that 


Piq] f)} = ~ qU kx) ~ pk ^ n ~’ 


Bp,q\ Pn,k \Pi<h p 


X 


Pn,k{P^\x) ^n-k^ _ [ n ] x J _ 


p n x( 1 — x) 


(2.7) 


From (2.3), (2.7), we have 

Op,»(e;,o (i-f)™ Pa(p,<?;p) 

1 [m] 


n(n-l) 

P 2 P 


Eh- 


k =0 


. m— 1 

qx\ qx 

Pn,k\JP,Q\—) 


P 


P ,9 


P 


1 

n,(n— 


^ pn X (l-x) ^ ^ ^ jR "’ fc(P ’ 95 ~ 


P * r \ , k=Q 

n 


1 [m] 


n(n-l) 

P 2 P 


k =0 


Eh- 


, m— 1 

Pn,k\Pi Q] ) 


p 


P .9 


P 


P 


E! (i - *)”, Pn,k(p> r, x) 


x I ^(P m< - s” 1 ) - - ?”> I ■ 


Hence we have 
D n .n I 5. 


P .9 1 ^™,P ,9 


I'.m . £ 

pip,9’ p 


m 


B, 


P 


n,p,q 


(Ihm-r. ( i x 


w 


(t p^ i; p J + p-+4(l - x) 




_ [m](p"-g") ( (t _ xr . x) 

p m+n(l _ ? .j ■ Drl ,P,9 VH X Jp,9’ X ) ’ 

This complete the proof of Lemma 2.2. 


□ 


Lemma 2.3. Let B ntP)q ((£ — :r)™ ; x) 6e a polynomial in x of degree less than or 
equal to m and the minimum degree of yiy is • Then for any fixed m € N 

and £ € [0,1], 0 < q < p < 1 we have 


B 


n,p,q 


{(t- X )p, q i X ) = 


x{l 


m —2 


X 




^ ^ bk,m,n(Pi O)*^ 


( 2 . 8 ) 


such that the coefficients bk, m ,n(Pi q) satisfy \ bk : m,n(p , q) |< b m , k = 1,2, • • • , m —2 
and b m does not depend on x,t,p,q; where L«J is an integer part of a > 0. 


Proof. By induction it is true for m = 2. Assuming it is true for m, then from 
Lemma 2.2 and equation (2.8) we have 
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B n,p,q {(t ~ X)™* 1 ', X) 


n 


m—2 




k =0 


+ 


p m+n 1 [m]x(l — x) 


m —3 


ii+LfJ 


[n r -2 

[m](p re — g n )x(l — x) 


In 


i+L^J 


^ ^ bk,m—l,n(jPi 0) 

k =0 

m—2 

^ ^ ^/c,m,n(P? (?)■ 


/c+1 


2 fc+1 - 


fc +2 




fc +2 


fc+1 


fc =0 


P i+[Llj - £ fc+1 ) 
I 77 -! 2 fc=o ^ 


p m+n - 1 x( 1 - x) 


m—2 


\n 


i+L^J 


^ ^ bk,m,n{Pi Ql) f 
fc =0 ^ 


M 

p 


x k — x fc+1 


pTn+n — x) 


m —3 


ii+LfJ 


l n 1 ' L 2 

[m](p n — q ,n )x(l — x) 


In 


1 +L m±lj 


^ ^ bk,m—l,n(jPi 0) 
k =0 
m—2 

^ ^ ^/c,m,n(P5 ?)■ 


fc +1 


x fc+1 - 


fc +2 


X 


fc +2 


fc+1 


fc =0 


m—2 


x(l X ) ^p m+71 ~ fc [fe] -|_ pin+n-fc- 1 / ,fc 


1+L+ 1 ! 


<? fe ) h,m,n(P, q)x k 


k =0 


ii—'i m_1 

^ (p"*+" +1 -*[fc - l] p , g + [2^-fc-y- 1 ) 6 fc _ 1>rre>ri (p,g)x fc 


1+ L~o~-J 


+ 


[n 

x(l — x) 
x(l — x) 


k =1 

m—2 

k=l 

m —1 

k=2 

m— 1 


m+n—fc—1 fc 


Q bk— l,m— l,n (p? q)'E 


m+n—fc—1 fc 


q b k - 2 ,m-l,n(p,q) x 


+ 


^ T m +i X]M(p n - g n )&fc-l, m ,n(p,g)x A: 


[-] 1+L 2 J fc=! 

x(i-x)^ 

m+2 i / J bk,m+l,n{Piq) 

1 L 2 J 


X 


n 


fc=0 
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h,m + l,n(P, 9) = 7^ 0 P m+n ~ k [k] + p m+ "- fc -V) h, m , n ( P , q) 


1 


+ 


[n\ a 

1 

\n} a 


{p 


m-\-n+l—k 


[k - 1] + [ 2 ^+n-fc-y- 1 ) b k . hm , n ( Pl q) 


[m](p n - g n )fo fc _i, m ,n(p, q) + [m]p 


m+n—k—lk 


Q ^k—l,m— l,n(P: ?) 


— [m\p 


m-\-n—k —1 k 


Q bk—2,m—l,n(PiQ.')' 


Clearly 


,m + l . 
a = 1 + L^—J 


m + 2 
^ 2 


J, 


0 < k < m — 1, 


which lead us that either a = 0 or a = 1. 

Since | b ktrrijn (p, q) |< b m , for k — m — 1, clearly we have 


^fc,m+l,n (p,?) I < 

+ 

+ 

+ 


{P n+1 [m - 1] +p n q m - 1 ) b m + ± (p n+2 [m - 2] + [2 }p n q m ~ 2 ) h, 
j^[m](p n - q n )b m + [m\p n q m - 1 b m _ 1 

[m\p n q m ~ 1 b m -i 

{Pi m ~ !] + ( T' 1 ) b ™ + (pV - 2 ] + [ 2 ]g m - 2 ) h m 

+ [rn]g m_1 6 m _ 1 + [rn]g m_1 h m _i 

|nj" 

bm+ 1) k 1) 2, ?7i 1, 


and h m does not depend on x,t,p,q. This complete the proof. 


□ 


From the Lemma 2.2 and Lemma 2.3 we have the following theorem. 

Theorem 2.4. Let m £ N and 0 < q < p < 1. Then there exits a constant 
C m > 0 such that for any x £ [0,1], we have 

id ((f _ r )m . \ I < ft ~ x ) 

I 1 J n,p,q \\I' x ) I— '“'m , m+l i • 

[n\ l 2 J 

Corollary 2.5. Let m £ N and 0 < q < p < 1. Then there exits a constant 
K m > 0 such that for any x £ [0,1], we have 


B„ 


n,p,q 


t ~ X |)£ ; x) < K r 


x(l — X ) 

L r -] ' 

M 2 


(2.9) 
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Proof. For an even m, clearly we have 

B n,p,q{(\ t~X \)™ q ',x) = B n ^ q ((t - x)™ q ] x) 

/ ^ x(l-x) 

— r 


= K, 


H ls 

x(l — X ) 


m r i — 

\n\ 2 


In case if m is odd, say m = 2u + 1, we have 


B 


n,p,q 


x\) 2 p u q +1 ;x) 


< \] Bn,p,q ((I t-x 1)^; x) sj B n , p>q ((I t-x Dig] X ) 
/ m x(l-x) \ n x(l - x) 

- ■' 2 [«]L§J 


m x(l-x) x(l-x) 
— \l^4u -—2^-l/Y 2- 


[nj 2 
^ x(l - x) 

-*'214+1 2ti+1 ' 

n 2 


[n] 


This complete the proof. □ 

Theorem 2.6. Let Bn]>,g(/; x) be an operator from C r [0,1] —>■ C r [ 0,1]. Then for 
0 < q < p < 1 there exits a constant M(r) such that for every f e C r [ 0,1], we 
have 


II BtL(/; *) ||c(o,i]< M(r) J2 II /“’ 11= V(r) || / Hc-Io.n ■ (2.10) 

1=0 

Proof. Clearly F?llj>, 9 (/; x) is continuous on [0,1]. From (1.8) we have 

= E^ B n,p,A( 


1=0 


From the Corollary 2.5, we have 


B n)P)q ((t - x) l f {l) (t);x) | < || / w || 5 n>Pi ,(| (t-x) | l ;x) 


< K 


n\ 2 . 


Therefore 


II *)| < E Chi II s», M ((( - x)7«(i); * 


1=0 


< 


M(r)J2 


i=0 


This complete the proof. 


□ 
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3. Convergence properties of Bn) p . q {f; x) 

The modulus of continuity of the derivative /' ■* is given by 

uj(f (r) -,t) =sup| | f {r \x) - f {r \y) |:| x-y \<t, x, y G [0,1] |. (3.1) 

Theorem 3.1. Let 0 < q < p < 1 and r G N U {0} be a fixed number. Then for 
x G [0,1], n G N there exits D r > 0 such that for every f G C r [ 0,1] the following 
inequality holds 

(3.2) 

Proof. Let r G N. Then for / G C r [ 0,1] at a given point t G [0,1], we have from 
the Taylor formula that 


/(*> = {x ~ t] 


((r — 1)!) 

x / (l- M )- 1 (/M(t + u (x-t))-/W(f))du. 


i=0 

/•l 


On applying Bt} p . q {f\x), we get 

n (y, _ [ fc ] \r 

m - i) = E / a - v-y-'Pn.kip, *) 


/c=0 


(r — 1)! 


x 


/° 


r) 




pk n ^ n j 


+ U [ X — 


[k\ 


pk n^ n j 


-/ w 


M 


pfc n^ n j 


du. (3.3) 


Now from the definition and properties of modulus of continuity, we have 


/ { 


r) 


[*] 




+ U I X 


[k] 


pk n^ n 


))-/ <r| 


w 


pk n^ n j 


<u|/ (r) ;« 






pk n^ n j 


/ (r) r 


w .r ':u 


x — 


[k] 


pk-n\n] 



< \ \n 


x 


[k] 


pk-n 


+ 1, “ ,/Wi ^)’ (3 ' 4) 


□ 


Now for every 0 < x < 1, 0 < g < p < 1, /c G N U {0}, n G N and from (3.3) 
and (3.4), we get 
| B [ n}p, q {f] X) - f(x) | 


" H V VWfe 


x — 


[k] 


p k ~ n [n] 



n\ 


x — 


[*] 


pk nj^j 


+ 1 Pn,k(p, T X) 
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1 

= -U 
T\ 


/ (r ' ); y=J (V\p\ B n,p,q{\ X-t \ r+ 1 -,x) +B n ^ q (\ x-t | r ;x)) . (3.5) 

Using (3.9) and (3.5) for x G [0,1], we have 

I x ) - f(x) | < —(K r+ i + K r ) (—\ u> (f {r) ; -j= j 


= D, 


.n/W, 


u 


/ ,r) ; 






In order to obtain the uniform convergence of BnJ Pn . qn ( f\ x) to a continuous 
function /, we take q — q n , p = p n where q n G (0,1) and p n G (q n , 1] satisfying, 

lim p n = 1, liin q n = 1. (3.6) 

n n 

Corollary 3.2. Let p = p n , q = q n , 0 < q n < p n < 1 satisfy (3.6) and f G 
C r [0,1] for a fixed number r G N U {0}. Then 

lim [ra]3 || sJCi(/) - / ||= 0. (3.7) 

n—too 

We say that (cf. [13]) a function / G C[0,1] belongs to LipM{&), 0 < a < 1, 
provided 

I f(x) ~ f(y) \< M \ x - y \ a , (x, y G [0,1] and M > 0). (3.8) 

Corollary 3.3. Let p = p n , q = q n , 0 < q n < p n < 1 satisfy (3.6) and f G 
C r [0,1] for a fixed number r G N U {0}. If f ^ G Lip M (a ) then 


_ r-\-a. 
2 


II bJL(/) - /11= O (h 

Proof. From (3.2) and (3.8), we have 

II B»Jf) - f ||< D.M-L-P 

[n\ 2 [n\ 2 


(3.9) 


□ 


Theorem 3.4. Let 0 < q < p < 1. Suppose that f G C r+ 2 [0,1], where r G NU{0} 
is fixed then we have 


Bf,!,„(/; x) - f(x) 


(-1 Yf( r +»( x )B n , r , q ((t-x) T+1 -,x) 


[r + 1 )! 


(-l) r f {r+2 \x)B n , p , q ((t - x) r+ 2 ;x ) 


< (K r+ 2 + K r+ 4 


(r + 2 )! 
x(l — x) 




[n] 2 +1 ^ i\(r + 2 — i)\ 
L J ?—0 x 7 


■w I /( r+2 -b 


, n 3 . 
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Proof. Let / G C r+2 [ 0,1] and x G [0,1] for a fixed number r G N U {0} we have 
/(*) G C r+2 ~ l [ 0,1], 0 < i < r. Then by Taylor formula we can write 


r+2-i ) 

f W (t)= - Tl - + Rr+ 2 -j(f\t]x), 


i =0 


r- 


(3.10) 


where 


and 


Rr+2—i (f i ti x) 


/ (r+ 2 ~°(C P "-*-it) ~ / (r+ 2 _ a) (x) 

(r + 2 — ?)! 


(t-x) 


r+2—z 


I Ct - X I < I t - X 

Therefore from (1.8) and (3.10) we have 


B Sp,q(f’ X ) = ^2 P n,k(P^^ X )Yl 


[fc] 


f {i+j) (x) ( [k] 


k=0 


i=0 


n 


£ 

3 = 0 


j\ \p k ~ n [n] 


^PnAPiP x )Yl 


r 1 x - -J$- 


■jr rL [??.] 


k =0 


i =0 


?! 


-R r -\- 2 —i(f j t) x) 


= Ii + I 2 , {where t = 


Ik] 


pk-n j 


Which implies that 
|s' r ,U(/;x)-/ 1 | 


= I /■: 


£ « x) £ _ ir+2 


k=0 


i=0 


?! 


(r + 2 — ?)! 




, i=0 


x 


(r + 2 — ?)! 

We use the well-known inequality 

Af,\s)<(i + \ 2 MfA), 

\f {r+2 - i \Ct)-f {r+2 ~ i \x)\ < coiA^WCt-xl) 

< (u(/^ + 2 - 8 ),|t-x|) 

< LU (A r+2 -'\[n\--A (1 + [r?](t-x) 2 ). 


Hence 

I ^ |< 


R | v r TCt)-E' +J '1.0 

Url .P.9 1 z^i =0 a (r+2 -»)! 


t — x | r+2 ; x 

< (ELD ^(r+2-01 ^ (/ (r+2-<) , M“*) (! + - ^) 2 ) I t - X I r+2 ; X ) 
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= EL„j+=^(/ (r+2 - i >>+) 

x (5„, R9 ( | t - x | r+2 ; x) + [n\B n>Ptq (\ t-x | r+4 ; x)) 

< E+ (/ ( ’ ,+2 - ,) . H _i ) (+«§£ + K r+t ^) 

= (+ +2 + K r+4 )^0l Elo «<+++ (/"' +2 -‘ i . N- j ' 

Therefore 


I BjrU/^Wl IS ^r + 2 + K r+4 f (1 ! . f ^ 1 

n 2 +a ^^z!(r + z —z)! 

l -• 7 —n v 7 


+ N+. 


Now we simplify for I\ 

u = 


k=0 


k =0 
n 


i =0 


t=0 

r 


— X 


l—i 


^2 p n,k(p, g; a:) 

/c=0 z=0 

n r 

X] P n ,kip,q\ x) 


(- 1 )‘ 

V- / (0 (^) | 

( [k] 

z! 

tT'-T 1 

^p k ~ n [n] 

(- 1 )‘ 

/ (,+1) M 

( [k] 

z! 

(r + 1 — z)! 

\p k ~ n [n ] 

(-!>< 

/ (r+2) (x) 



k =0 


i=0 


z! (r + 2 — z)! \p fc_ri [n] 


— x 


— x 


— X 


r+1 


r+2 




k=0 


1=0 


(/)! \p fc n [n] 


i i 


+ 


+ 


/ (r+1) (aQ 

(r + 1)! 

/ (r+2) (aQ 

(r + 2)! 


^2Pn,k(p,q’, 


k =0 


^Pn,k{p,q\ 


X 


X 


[k] 


pk-n J n ] 


k=0 


[k] 


pk n [ n j 


X 


— X 


i=0 

r+1 r 


E <-l)‘ 


Eht 1 K-D’ 


i=0 

r+2 r 


i=0 


E( r t 2 ](-!)•. 


For n G N, r G N U {0} we have 


E ( r t')(-D‘ = (-DE E ( r t 2 1 (- 1 )’ = F + D(-1)' 


Therefore 


A = f(x) + 
+ 


-l) r f(r+i)(x)B ntPtq ((t-x) r+ 1 ;x) 

(r + 1)! 

iyf(r+2)(x)B n , p , q ((t-xY+ 2 -x) 


(r + 2)! 


This complete the proof. 


□ 
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Corollary 3.5. Let p = p n , q = q n , 0 < q n < p n < 1 satisfy (3.6) and f G 
C 2 [0,1] for a fixed number r G N U {0}. Then for every x G [0,1] we have 


ULU/;*) - /(*) - 

where K = LL±La _ Moreover, 


f"(x) x{l — x) 


n 


<K x{ -\ dd u (f",[n 




lim [n] (B n!Pntqn (f]x) - f(x)) = ^ /"(s) 


uniformly on [0,1]. 


Acknowledgement. Second author (MN) acknowledges the financial sup¬ 
port of University Grants Commission (Govt, of Ind.) for awarding BSR (Basic 
Scientific Research) Fellowship. 


References 

[1] A. Aral, V. Gupta and R. P. Agarwal, Application of g-Calculus in Operator Theory, 
Springer, New York, 2013. . 

[2] S.N. Bernstein, Demostration du theoreeme de Weierstrass fondee sur le calcul de proba- 
bilites, Comm. Soc. Math. Kharkow (2), 13 (1912/1913) 1-2. 

[3] M.N. Hounkonnou, J. Desire and B. Kyemba, lZ(p, g)-calculus: differentiation and integra¬ 
tion, SUT Jour. Math., 49(2) (2013) 145-167. 

[4] B. Lenze, Bernstein-Baskakov-Kantorovich operators and Lipschitz-type maximal func¬ 
tions, in: Colloq. Math. Soc. Janos Bolyai, 58, Approx. Th., (1990) 469-496. 

[5] A. Lupa§, A g-analogue of the Bernstein operator, Seminar on Numerical and Statistical 
Calculus, University of Cluj-Napoca, 9(1987) 85-92. 

[6] N. Mahmudov, The moments for g-Bernstein operators in the case 0 < q < 1. Numer Algor 
(2010) 53:439-450, DOI 10.1007/sll075-009-9312-l. 

[7] M. Mursaleen, K. J. Ansari and A. Khan, On (p, g)-analogue of Bernstein operators, Appl. 
Math. Comput., 266(2015), 874-882. 

[8] M. Mursaleen, K.J. Ansari and A. Khan, Some approximation results by (p, g)-analogue 
of Bernstein-Stancu operators, Appl. Math. Comput., 264 (2015) 392-402. 

[9] M. Mursaleen, Md. Nasiuzzaman and Ashirbayev Nurgali, Some approximation results on 
Bernstein-Schurer operators defined by (p, g)-integers, Jou. Ineq. Appl., 2015 (2015):249. 

[10] G. M. Phillips, Bernstein polynomials based on the q- integers, Ann. Numer. Math., 4 
(1997), 511-518. 

[11] P.N. Sadjang, On the fundamental theorem of (p, g)-calculus and some (p, g)-Taylor for¬ 
mulas, arXiv:1309.3934 [math.QA], 

[12] V. Sahai and S. Yadav, Representations of two parameter quantum algebras and (p, q)- 
special functions, J. Math. Anal. Appl. 335 (2007) 268-279. 

[13] P. Sabancigil, Higher order generalization of g-Bernstein operators, Jour. Comput. Analy. 
Appl., 12 (2010) 821-827. 

Department of Mathematics, Aligarh Muslim University, Aligarh-202002, 
India. 

E-mail address: mursaleenm@gmail.com; nasir3489@gmail.com 








